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Abstract
In this paper, we consider Dunkl theory on Rd associated to a
finite reflection group. This theory generalizes classical Fourier anal-
ysis. First, we give for 1 < p ≤ 2, sufficient conditions for weighted
Lp-estimates of the Dunkl transform of a function f using respectively
the modulus of continuity of f in the radial case and the convolution
for f in the general case. In particular, we obtain as application, the
integrability of this transform on Besov-Lipschitz spaces. Second, we
provide necessary and sufficient conditions on nonnegative functions ϕ
defined on [0, 1] to ensure the boundedness of the generalized Cesa`ro
operator Cϕ on Herz spaces and we obtain the corresponding operator
norm inequalities.
Keywords :Dunkl operators, Dunkl transform, Dunkl translations, Dunkl convo-
lution, Besov-Lipschitz spaces, Herz spaces, Cesa`ro operators.
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1 Introduction
Dunkl theory generalizes classical Fourier analysis on Rd. It started twenty
years ago with Dunkl’s seminal work [9] and was further developed by several
mathematicians (see [8, 11, 14, 16, 18]) and later was applied and generalized
∗This work was completed with the support of the DGRST research project
LR11ES11 and the program CMCU 10G / 1503.
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in different ways by many authors (see [3, 4, 5, 17]). A key tool in the study
of special functions with reflection symmetries are Dunkl operators. These
are commuting differential-difference operators Ti, 1 ≤ i ≤ d associated to
an arbitrary finite reflection group W on an Euclidean space and to a non
negative multiplicity function k. The Dunkl kernel Ek has been introduced
by C.F. Dunkl in [10]. This kernel is used to define the Dunkl transform
Fk. K. Trime`che has introduced in [18] the Dunkl translation operators τx,
x ∈ Rd, on the space of infinitely differentiable functions on Rd. At the
moment an explicit formula for the Dunkl translation τx(f) of a function f
is unknown in general. However, such formula is known when the function
f is radial (see next section). In particular, the boundedness of τx is estab-
lished in this case. As a result one obtains a formula for the convolution
∗k. In the case k ≡ 0, the Ti reduce to the corresponding partial derivatives
∂
∂xi
. Therefore Dunkl analysis can be viewed as a generalization of classical
Fourier analysis (see next section, Remark 2.1). An important motivation
to study Dunkl operators originates in their relevance for the analysis of
quantum many body systems of Calogero-Moser-Sutherland type. These
describe algebraically integrable systems in one dimension and have gained
considerable interest in mathematical physics (see [19]).
Let f be a function in Lpk(R
d), 1 ≤ p < ∞ where Lpk(Rd) denote the
space Lp(Rd, wk(x)dx) with wk the weight function associated to the Dunkl
operators given by
wk(x) =
∏
ξ∈R+
|〈ξ, x〉|2k(ξ), x ∈ Rd (see next section).
The modulus of continuity ωp,k(f) of first order of a radial function f in
L
p
k(R
d) is defined by
ωp,k(f)(x) = sup
0<t≤x
∫
Sd−1
‖τtu(f)− f‖p,kdσ(u), x > 0,
where Sd−1 is the unit sphere on Rd with the normalized surface measure
dσ.
We use ‖ ‖p,k as a shorthand for ‖ ‖Lp
k
(Rd).
We set for f ∈ Lpk(Rd),
ω˜p,k(f)(x) = sup
0<t≤x
‖f ∗k φt‖p,k, x > 0,
where φ is a radial function in S(Rd) satisfying
∃ c > 0 ; |Fk(φ)(y)| > c , ∀ y ∈
{
z ∈ Rd : 1
2
< ‖z‖ < 1
}
.
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φt being the dilation of φ given by φt(y) =
1
t2(γ+
d
2 )
φ(y
t
), for all t ∈ (0,+∞)
and y ∈ Rd. Note that Fk(φt)(y) = Fk(φ)(ty).
Obviously, ωp,k(f)(x) and ω˜p,k(f)(x) are nondecreasing in x.
For β > 0, 1 ≤ p < +∞, we define the weighted Besov-Lipschitz spaces
(see [7] for the classical case) denoted by BDβ,kp as the subspace of radial
functions f in Lpk(R
d) satisfying
sup
x>0
ωp,k(f)(x)
xβ
< +∞.
Let ϕ a nonnegative function defined on [0, 1]. For a measurable complex-
valued function f on Rd, we define the generalized Cesa`ro operator Cϕ by
Cϕf(x) =
∫ 1
0
f(
x
t
) t−(2γ+d)ϕ(t)dt, x ∈ Rd,
where γ =
∑
ξ∈R+
k(ξ) with R+ a fixed positive root system (see next section).
If k ≡ 0, ϕ ≡ 1 and d = 1, we obtain the classical Cesa`ro average operator
C given by
Cf(x) =


∫ +∞
x
f(y)
y
dy, if x > 0
− ∫ x−∞ f(y)y dy, if x < 0.
We define for β > 0 and 1 ≤ p, q < +∞, the homogeneous Herz-type
space for the Dunkl operators Hβ,kp,q (see [12] for the classical case) by the
space of functions f in Lpk(R
d)loc satisfying
( +∞∑
j=−∞
(2jβ‖fχj‖p,k)q
) 1
q
< +∞,
where χj is the characteristic function of the set
Aj = {x ∈ Rd ; 2j−1 ≤ ‖x‖ ≤ 2j} for j ∈ Z,
and Lpk(R
d)loc is the space L
p
loc
(Rd, wk(x)dx).
In this paper, first we give for 1 < p ≤ 2, sufficient conditions for
weighted Lp-estimates of the Dunkl transform Fk(f) of a function f using
respectively the modulus of continuity ωp,k(f) of f in the radial case and
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the convolution ω˜p,k(f) for f in the general case. In particular, we obtain as
application, the integrability of this transform on the Besov-Lipschitz spaces
BDβ,kp . This is an extension to the Dunkl transform on higher dimension of
the results obtained by F. Mo´ricz in [13] for the Fourier transform on the
real line. Second, we provide necessary and sufficient conditions for Cϕ to be
bounded on the Herz spaces Hβ,kp,q when β > 0, 1 < p < +∞, 1 ≤ q < +∞
and we obtain the corresponding operator norm inequalities.
The contents of this paper are as follows:
In section 2, we collect some basic definitions and results about harmonic
analysis associated with Dunkl operators.
In section 3, we give sufficient conditions for weighted Lp-estimates of the
Dunkl transform of function which we apply on the Besov-Lipschitz spaces.
In section 4, we provide necessary and sufficient conditions for Cϕ to be
bounded on Herz spaces.
Along this paper we denote by 〈., .〉 the usual Euclidean inner product
in Rd as well as its extension to Cd×Cd, we write for x ∈ Rd, ‖x‖ =
√
〈x, x〉
and we use c to denote a suitable positive constant which is not necessarily
the same in each occurrence. Furthermore, we denote by
• E(Rd) the space of infinitely differentiable functions on Rd.
• S(Rd) the Schwartz space of functions in E(Rd) which are rapidly
decreasing as well as their derivatives.
• D(Rd) the subspace of E(Rd) of compactly supported functions.
2 Preliminaries
In this section, we recall some notations and results in Dunkl theory and
we refer for more details to the surveys [15].
Let W be a finite reflection group on Rd, associated with a root system
R. For α ∈ R, we denote by Hα the hyperplane orthogonal to α. Given
β ∈ Rd\⋃α∈RHα, we fix a positive subsystem R+ = {α ∈ R : 〈α, β〉 > 0}.
We denote by k a nonnegative multiplicity function defined on R with the
property that k is W -invariant. We associate with k the index
γ =
∑
ξ∈R+
k(ξ) ≥ 0,
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and and the weight function wk given by
wk(x) =
∏
ξ∈R+
|〈ξ, x〉|2k(ξ), x ∈ Rd.
wk is W -invariant and homogeneous of degree 2γ.
Further, we introduce the Mehta-type constant ck by
ck =
(∫
Rd
e−
‖x‖2
2 wk(x)dx
)−1
.
For every 1 ≤ p ≤ +∞, we denote by Lpk(Rd), the space Lp(Rd, wk(x)dx)
and we use ‖ ‖p,k as a shorthand for ‖ ‖Lp
k
(Rd).
By using the homogeneity of degree 2γ of wk, it is shown in [14] that for
a radial function f in L1k(R
d), there exists a function F on [0,+∞) such that
f(x) = F (‖x‖), for all x ∈ Rd. The function F is integrable with respect to
the measure r2γ+d−1dr on [0,+∞) and we have∫
Rd
f(x) dνk(x) =
∫ +∞
0
( ∫
Sd−1
f(ry)wk(ry)dσ(y)
)
rd−1dr
=
∫ +∞
0
( ∫
Sd−1
wk(ry)dσ(y)
)
F (r)rd−1dr
= dk
∫ +∞
0
F (r)r2γ+d−1dr, (2.1)
where Sd−1 is the unit sphere on Rd with the normalized surface measure
dσ and
dk =
∫
Sd−1
wk(x)dσ(x) =
c−1k
2γ+
d
2
−1Γ(γ + d2)
. (2.2)
The Dunkl operators Tj , 1 ≤ j ≤ d , on Rd associated with the reflec-
tion group W and the multiplicity function k are the first-order differential-
difference operators given by
Tjf(x) =
∂f
∂xj
(x) +
∑
α∈R+
k(α)αj
f(x)− f(ρα(x))
〈α, x〉 , f ∈ E(R
d) , x ∈ Rd ,
where ρα is the reflection on the hyperplane Hα and αj = 〈α, ej〉, (e1, . . . , ed)
being the canonical basis of Rd.
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Remark 2.1 In the case k ≡ 0, the weighted function wk ≡ 1 and the mea-
sure associated to the Dunkl operators coincide with the Lebesgue measure.
The Tj reduce to the corresponding partial derivatives. Therefore Dunkl
analysis can be viewed as a generalization of classical Fourier analysis.
For y ∈ Cd, the system

Tju(x, y) = yj u(x, y), 1 ≤ j ≤ d ,
u(0, y) = 1 .
admits a unique analytic solution on Rd, denoted by Ek(x, y) and called the
Dunkl kernel. This kernel has a unique holomorphic extension to Cd × Cd.
We have for all λ ∈ C and z, z′ ∈ Cd, Ek(z, z′) = Ek(z′, z), Ek(λz, z′) =
Ek(z, λz
′) and for x, y ∈ Rd, |Ek(x, iy)| ≤ 1.
The Dunkl transform Fk is defined for f ∈ D(Rd) by
Fk(f)(x) = ck
∫
Rd
f(y)Ek(−ix, y)wk(y)dy, x ∈ Rd.
We list some known properties of this transform:
i) The Dunkl transform of a function f ∈ L1k(Rd) has the following basic
property
‖Fk(f)‖∞,k ≤ ‖f‖1,k .
ii) The Dunkl transform is an automorphism on the Schwartz space S(Rd).
iii) When both f and Fk(f) are in L1k(Rd), we have the inversion formula
f(x) =
∫
Rd
Fk(f)(y)Ek(ix, y)wk(y)dy, x ∈ Rd.
iv) (Plancherel’s theorem) The Dunkl transform on S(Rd) extends uniquely
to an isometric automorphism on L2k(R
d).
Since the Dunkl transform Fk(f) is of strong-type (1,∞) and (2, 2), then
by interpolation, we get for f ∈ Lpk(Rd) with 1 ≤ p ≤ 2 and p′ such that
1
p
+ 1
p′
= 1, the Hausdorff-Young inequality
‖Fk(f)‖p′,k ≤ c ‖f‖p,k.
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The Dunkl transform of a radial function in L1k(R
d) is also radial and could
be expressed via the Hankel transform. More precisely, according to ([14],
proposition 2.4), we have the following results:∫
Sd−1
Ek(ix, y)wk(y)dσ(y) = dk jγ+ d
2
−1(‖x‖), (2.3)
and
Fk(f)(x) =
∫ +∞
0
( ∫
Sd−1
Ek(−ix, y)wk(y)dσ(y)
)
F (r)r2γ+d−1dr
= c−1k Hγ+ d
2
−1(F )(‖x‖), x ∈ Rd, (2.4)
where F is the function defined on [0,+∞) by F (‖x‖) = f(x), x ∈ Rd,
H
γ+ d
2
−1 is the Hankel transform of order γ+
d
2−1 and jγ+ d
2
−1 the normalized
Bessel function of the first kind and order γ + d2 − 1.
The integral representation of jα, α > −12 is given by
jα(λx) =
2Γ(α+ 1)√
piΓ(α+ 12)
∫ 1
0
(1− t2)α− 12 cos(λxt)dt forx ∈ R and λ ∈ C.(2.5)
We note that
2Γ(α + 1)√
piΓ(α+ 12)
∫ 1
0
(1− t2)α− 12 dt = 1. (2.6)
K. Trime`che has introduced in [18] the Dunkl translation operators τx,
x ∈ Rd, on E(Rd) . For f ∈ S(Rd) and x, y ∈ Rd, we have
Fk(τx(f))(y) = Ek(ix, y)Fk(f)(y). (2.7)
Notice that for all x, y ∈ Rd, τx(f)(y) = τy(f)(x) and for fixed x ∈ Rd
τx is a continuous linear mapping from E(Rd) into E(Rd) .
As an operator on L2k(R
d), τx is bounded. A priori it is not at all clear
whether the translation operator can be defined for Lp- functions with p
different from 2. However, according to ([17], Theorem 3.7), the operator τx
can be extended to the space of radial functions in Lpk(R
d), 1 ≤ p ≤ 2 and
we have for a radial function f ∈ Lpk(Rd)
‖τx(f)‖p,k ≤ ‖f‖p,k. (2.8)
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The Dunkl convolution product ∗k of two functions f and g in L2k(Rd)
is given by
(f ∗k g)(x) =
∫
Rd
τx(f)(−y)g(y)wk(y)dy, x ∈ Rd.
The Dunkl convolution product is commutative and for f, g ∈ D(Rd), we
have
Fk(f ∗k g) = Fk(f)Fk(g). (2.9)
It was shown in ([17], Theorem 4.1) that when g is a bounded radial function
in L1k(R
d), then
(f ∗k g)(x) =
∫
Rd
f(y)τx(g)(−y)wk(y)dy, x ∈ Rd,
initially defined on the intersection of L1k(R
d) and L2k(R
d) extends to Lpk(R
d),
1 ≤ p ≤ +∞ as a bounded operator. In particular,
‖f ∗k g‖p,k ≤ ‖f‖p,k‖g‖1,k . (2.10)
3 Weighted Lp-estimates for the Dunkl transform
with sufficient conditions
In this section, we give sufficient conditions for weighted Lp-estimates of the
Dunkl transform of function which we apply on the Besov-Lipschitz space.
Throughout this section, we denote by p′ the conjugate p
p−1 of p for
1 < p ≤ 2. According to (2.8) and (2.10), we recall that :
• The modulus of continuity ωp,k(f) of first order of a radial function f in
L
p
k(R
d) is defined by
ωp,k(f)(x) = sup
0<t≤x
∫
Sd−1
‖τtu(f)− f‖p,kdσ(u), x > 0.
• We set for f ∈ Lpk(Rd),
ω˜p,k(f)(x) = sup
0<t≤x
‖f ∗k φt‖p,k, x > 0,
where φ is a radial function in S(Rd) satisfying
∃ c > 0 ; |Fk(φ)(y)| > c , ∀ y ∈
{
z ∈ Rd : 1
2
< ‖z‖ < 1
}
.
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φt being the dilation of φ given by φt(y) =
1
t2(γ+
d
2 )
φ(y
t
), for all t ∈ (0,+∞)
and y ∈ Rd.
For θ ≥ 1, we introduce a class of nonnegative wk-locally integrable
radial functions on {x ∈ Rd : ‖x‖ ≥ 1} which we denote by Gθ. We said
that a function g belongs to the class Gθ if there exists a constant κθ ≥ 1
such that for η = 1, 2, ...
(∫
1≤‖z‖≤2
g(2ηz)θwk(z)dz
) 1
θ
≤ κθ
∫
1
2
≤‖z‖≤1
g(2ηz)wk(z)dz. (3.1)
If we set
Cη = {y ∈ Rd : 2η ≤ ‖y‖ < 2η+1}, for η = 0, 1, 2, ...,
then using (2.1) and the change of variables y = 2ηz, we can write (3.1) in
the form
(∫
Cη
g(y)θwk(y)dy
) 1
θ
≤ κθ 2η(
1−θ
θ
)(2γ+d)
∫
Cη−1
g(y)wk(y)dy. (3.2)
Example 3.1 If g ≡ const, then g ∈ Gθ where we choose
κθ ≥ 22γ+d
(22γ+d − 1
2γ + d
) 1
θ
−1
.
Theorem 3.1 Let 1 < p ≤ 2 and f be a radial function in Lpk(Rd). Then
for 1 ≤ q ≤ p′ and g ∈ G p
p−qp+q
, we have
∫
‖y‖≥2
g(y)|Fk(f)(y)|qwk(y)dy ≤ C
∫
‖y‖≥1
g(y)‖y‖−
q
p′
(2γ+d)
ω
q
p,k(f)(
pi
‖y‖)wk(y)dy,
where C is a constant depending only on p and q.
Proof. Let f be a radial function in Lpk(R
d) for 1 < p ≤ 2, then by (2.7)
we have
Fk(τxu(f)− f)(y) = (Ek(ixu, y) − 1)Fkf(y),
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u ∈ Sd−1, x ∈ [0,+∞) and a.e y ∈ Rd.
We can assert by Haussdorf-Young’s inequality that
‖Fk(τxu(f)− f)‖p′,k =
(∫
Rd
|Fkf(y)|p′ |Ek(ixu, y)− 1|p′wk(y)dy
) 1
p′
≤ c ‖τxu(f)− f‖p,k. (3.3)
On the other hand, from (2.1) and (2.4), we get
ck
∫
Rd
|Fkf(y)|p′ |Ek(ixu, y)− 1|p′wk(y)dy
=
∫ +∞
0
|Hγ+ d
2
−1(F )(r)|
(∫
Sd−1
|Ek(irxu, z)− 1|p′wk(z)dσ(z)
)
r2γ+d−1dr,
where r = ‖y‖ and F is the function defined on (0,+∞) by F (‖y‖) = f(y)
for all y ∈ Rd.
By (2.2), (2.3) and Ho¨lder’s inequality, we have
dk|jγ+ d
2
−1(rx)− 1|
= |
∫
Sd−1
[Ek(ixru, z) − 1]wk(z)dσ(z)|
≤
( ∫
Sd−1
wk(z)dσ(z)
) 1
p
( ∫
Sd−1
|Ek(ixru, z)− 1|p′wk(z)dσ(z)
) 1
p′
≤ d
1
p
k
(∫
Sd−1
|Ek(ixru, z)− 1|p′wk(z)dσ(z)
) 1
p′
.
According to (3.3), it follows that
∫ +∞
0
|H
γ+ d
2
−1(F )(r)|p
′ |j
γ+ d
2
−1(rx)− 1|p
′
r2γ+d−1dr ≤ c ‖τxu(f)− f‖p
′
p,k.(3.4)
Integrating the two members of (3.4) over Sd−1, this yields
(∫ +∞
0
|H
γ+ d
2
−1(F )(r)|p
′ |j
γ+ d
2
−1(rx)− 1|p
′
r2γ+d−1dr
) 1
p′
≤ c ωp,k(f)(x).(3.5)
From (2.5) and (2.6), we get
|jγ+ d
2
−1(rx)− 1| =
4Γ(γ + d2)√
piΓ(γ + d2 − 12)
∫ 1
0
(1− t2)γ+ d2− 32 sin2(rxt
2
)dt,
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then, we obtain
4Γ(γ + d2)√
piΓ(γ + d2 − 12)
∫ 1
1
2
(1− t2)γ+ d2− 32 sin2(rxt
2
)dt ≤ |j
γ+ d
2
−1(rx)− 1|.
Let x = pi2η+1 , η = 1, 2, ... For t ∈ [12 , 1[ and y ∈ Cη, we have
pi
8
≤ rxt
2
≤ pi
2
,
which gives that
c =
4Γ(γ + d2 ) sin
2(pi8 )√
piΓ(γ + d2 − 12)
∫ 1
1
2
(1− t2)γ+ d2− 32dt ≤ |j
γ+ d
2
−1(r
pi
2η+1
)− 1|.
Hence from (3.5), we find that
(∫ 2η+1
2η
|Hγ+ d
2
−1(F )(r)|p
′
r2γ+d−1dr
) 1
p′
≤ c ωp,k(f)( pi
2η+1
). (3.6)
Now, take g ∈ G p
p−qp+q
and put g˜(‖y‖) = g(y), for y ∈ Rd. Applying
Ho¨lder’s inequality, it follows from (2.1), (3.2) and (3.6) that∫ 2η+1
2η
g˜(r)|Hγ+ d
2
−1(F )(r)|qr2γ+d−1dr
≤
(∫ 2η+1
2η
|Hγ+ d
2
−1(F )(r)|p
′
r2γ+d−1dr
) q
p′
(∫ 2η+1
2η
g˜
p′
p′−q (r)r2γ+d−1dr
) p′−q
p′
≤ c κ p′
p′−q
2
−η q
p′
(2γ+d)
ω
q
p,k(f)(
pi
2η+1
)
∫ 2η
2η−1
g˜(r)r2γ+d−1dr.
Then, we deduce∫ +∞
2
g˜(r)|Hγ+ d
2
−1(F )(r)|qr2γ+d−1dr
≤ c κ p′
p′−q
+∞∑
η=1
2
−η q
p′
(2γ+d)
ω
q
p,k(f)(
pi
2η+1
)
∫ 2η
2η−1
g˜(r)r2γ+d−1dr.
Using the monotonicity of ωp,k(f)(x) in x > 0 and the fact that
pi
2η+1 ≤ pir ,
2
−η q
p′
(2γ+d) ≤ r−
q
p′
(2γ+d)
, we obtain
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∫ +∞
2
g˜(r)|H
γ+ d
2
−1(F )(r)|qr2γ+d−1dr
≤ c κ p′
p′−q
+∞∑
η=1
∫ 2η
2η−1
g˜(r)r
− q
p′
(2γ+d)
ω
q
p,k(f)(
pi
r
)r2γ+d−1dr
≤ c κ p′
p′−q
∫ +∞
1
g˜(r)r
− q
p′
(2γ+d)
ω
q
p,k(f)(
pi
r
)r2γ+d−1dr. (3.7)
By (2.1), (2.4) and (3.7), we conclude that∫
‖y‖≥2
g(y)|Fk(f)(y)|qwk(y)dy ≤ C
∫
‖y‖≥1
g(y)‖y‖−
q
p′
(2γ+d)
ω
q
p,k(f)(
pi
‖y‖)wk(y)dy,
where C = c κ p′
p′−q
is a constant depending only on p and q. Our theorem
is proved. 
In particular, for the case g ≡ const and f ∈ BDβ,kp , we obtain as
application of Theorem 3.1, the following result which is of special interest
and was proved in [1, Theorem 3.2].
Corollary 3.1 Let β > 0, 1 < p ≤ 2 and f ∈ BDβ,kp , then
1. For 0 < β ≤ 2(γ+
d
2
)
p
, we have
Fk(f) ∈ Lqk(Rd) provided that
2(γ + d2)p
βp + 2(γ + d2)(p− 1)
< q ≤ p′.
2. For β >
2(γ+ d
2
)
p
, we have Fk(f) ∈ L1k(Rd).
Theorem 3.2 Let 1 < p ≤ 2 and f be a function in Lpk(Rd). Then for
1 ≤ q ≤ p′ and g ∈ G p
p−qp+q
, we have
∫
‖y‖≥2
g(y)|Fk(f)(y)|qwk(y)dy ≤ C
∫
‖y‖≥1
g(y)‖y‖−
q
p′
(2γ+d)
ω˜
q
p,k(f)(
1
‖y‖)wk(y)dy,
where C is a constant depending only on p and q.
Proof. Let f be a function in Lpk(R
d) for 1 < p ≤ 2, then by (2.9) we have
for x ∈ (0,+∞),
Fk(f ∗k φx)(y) = Fk(f)(y)Fk(φx)(y) ,
= Fk(f)(y)Fk(φ)(xy) , a.e. y ∈ Rd.
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Using Haussdorf-Young’s inequality, we obtain
‖Fk(f ∗k φx)‖p′,k =
(∫
Rd
|Fkf(y)|p′ |Fk(φ)(xy)|p′wk(y)dy
) 1
p′
≤ c ‖f ∗k φx‖p,k
≤ c ω˜qp,k(f)(x). (3.8)
Let x = 1
2η+1
and η = 1, 2, ... For y ∈ Cη, we have
1
2
≤ x‖y‖ ≤ 1,
this gives using (3.8) and the property of the function φ,(∫
Cη
|Fkf(y)|p′wk(y)dy
) 1
p′
≤ c ω˜qp,k(f)(
1
2η+1
). (3.9)
Now, take g ∈ G p
p−qp+q
. Applying Ho¨lder’s inequality, it follows from (3.2)
and (3.9) that∫
Cη
g(y)|Fkf(y)|qwk(y)dy
≤
(∫
Cη
|Fkf(y)|p′wk(y)dy
) q
p′
(∫
Cη
g
p′
p′−q (y)wk(y)dy
) p′−q
p′
≤ c κ p′
p′−q
2
−η q
p′
(2γ+d)
ω˜
q
p,k(f)(
1
2η+1
)
∫
Cη−1
g(y)wk(y)dy.
Then, we deduce∫
‖y‖≥2
g(y)|Fkf(y)|qwk(y)dy
≤ c κ p′
p′−q
+∞∑
η=1
2
−η q
p′
(2γ+d)
ω˜
q
p,k(f)(
1
2η+1
)
∫
Cη−1
g(y)wk(y)dy.
As in the proof of Theorem 3.1, using the monotonicity of ω˜p,k(f)(x) in
x > 0, we conclude that∫
‖y‖≥2
g(y)|Fk(f)(y)|qwk(y)dy ≤ C
∫
‖y‖≥1
g(y)‖y‖−
q
p′
(2γ+d)
ω˜
q
p,k(f)(
1
‖y‖)wk(y)dy,
where C = c κ p′
p′−q
is a constant depending only on p and q. This completes
the proof. 
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Remark 3.1 As consequence, from Theorem 3.2, we deduce in the partic-
ular case when g ≡ const and f ∈ Lpk(Rd) satisfying
sup
x>0
ω˜p,k(f)(x)
xβ
< +∞,
similar results to those obtained in corollary 3.1.
Remark 3.2 It was shown in [2, Theorem 3.1] that the Dunkl transform is
a continuous map between a class of Besov spaces and Herz spaces.
4 Boundedness of the Cesa`ro operator on Herz
spaces
In this section, we provide necessary and sufficient conditions for the gener-
alized Cesa`ro operator Cϕ to be bounded on Herz spaces. Before, we start
with some useful lemmas.
Lemma 4.1 Let 1 ≤ q < ∞. If f be a non-negative measurable function
on [0, 1], then (∫ 1
0
f
)q
≤
∫ 1
0
f q. (4.1)
Lemma 4.2 (see E. F. Beckenbach and R. Bellman [6]) Let 1 ≤ q <∞. If
f be a non-negative measurable and concave function on [0, 1], then
(∫ 1
0
f
)1
q ≤
1 + 1
q
2
1
q
∫ 1
0
f
1
q . (4.2)
Theorem 4.1 Let β > 0, 1 < p < +∞, 1 ≤ q < +∞ and ϕ be a real-
valued non-negative measurable function defined on [0, 1]. Suppose that t 7→
t
−(2γ+d)(1− 1
p
)
ϕ(t) is a concave function on [0, 1], then the generalized Cesa`ro
operator Cϕ can be extended to a bounded operator from Hβ,kp,q into itself if
and only if ∫ 1
0
t
β−(2γ+d)(1− 1
p
)
ϕ(t)dt < +∞. (4.3)
Moreover, when (4.3) holds, the operator norm ‖Cϕ‖ of Cϕ on Hβ,kp,q satisfies
the following inequality∫ 1
0
t
β−(2γ+d)(1− 1
p
)
ϕ(t)dt ≤ ‖Cϕ‖ ≤ cq,β
∫ 1
0
t
β−(2γ+d)(1− 1
p
)
ϕ(t)dt,
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with cq,β = 2
(1− 2
q
)(1 + 1
q
)(1 + 2β).
Proof. Let β > 0, 1 < p < +∞, 1 ≤ q < +∞ and f ∈ Hβ,kp,q .
Suppose that (4.3) holds. Using the Minkowski inequality for integrals
and the homogeneity of degree 2γ of wk, we get
‖(Cϕf)χj‖p,k =
(∫
Aj
∣∣∣ ∫ 1
0
f(
x
t
)t−(2γ+d)ϕ(t)dt
∣∣∣pwk(x)dx)) 1p
≤
∫ 1
0
( ∫
Aj
|f(x
t
)|pwk(x)dx
) 1
p
t−(2γ+d)ϕ(t)dt
=
∫ 1
0
( ∫
2j−1
t
≤‖u‖≤ 2
j
t
|f(u)|pwk(u)du
) 1
p
t
−(2γ+d)(1− 1
p
)
ϕ(t)dt.
Put ψ(t) = t−(2γ+d)(1−
1
p
)
ϕ(t), t ∈ (0, 1). Since for each t ∈ (0, 1), there
exists an integer m such that 2m−1 ≤ t ≤ 2m, then we obtain
‖(Cϕf)χj‖p,k ≤
∫ 1
0
(‖fχj−m‖pp,k + ‖fχj−m+1‖pp,k)
1
pψ(t)dt
≤
∫ 1
0
(‖fχj−m‖p,k + ‖fχj−m+1‖p,k)ψ(t)dt.
Using (4.1), it follows that( +∞∑
j=−∞
2jβq‖(Cϕf)χj‖qp,k
) 1
q
≤
[ +∞∑
j=−∞
2jβq
(∫ 1
0
(‖fχj−m‖p,k + ‖fχj−m+1‖p,k)ψ(t)dt
)q] 1
q
≤
( +∞∑
j=−∞
2jβq
∫ 1
0
(‖fχj−m‖p,k + ‖fχj−m+1‖p,k)q ψq(t)dt
) 1
q
,
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which gives( +∞∑
j=−∞
2jβq‖(Cϕf)χj‖qp,k
) 1
q
≤ 21− 1q
( +∞∑
j=−∞
∫ 1
0
2jβq(‖fχj−m‖qp,k + ‖fχj−m+1‖qp,k)ψq(t)dt
) 1
q
≤ 21− 1q
(∫ 1
0
+∞∑
j=−∞
2(j−m)βq‖fχj−m‖qp,k2mβqψq(t)dt
) 1
q
+2
1− 1
q
(∫ 1
0
+∞∑
j=−∞
2(j−m+1)βq‖fχj−m+1‖qp,k2(m−1)βqψq(t)dt
) 1
q
.
Then from (4.2), we have( +∞∑
j=−∞
2jβq‖(Cϕf)χj‖qp,k
) 1
q
≤ 21− 2q (1 + 1
q
)
( +∞∑
j=−∞
2jβq‖fχj‖qp,k
) 1
q
∫ 1
0
(2mβ + 2(m−1)β)ψ(t)dt
≤
[
2
1− 2
q (1 +
1
q
)(1 + 2β)
∫ 1
0
tβψ(t)dt
]( +∞∑
j=−∞
2jβq‖fχj‖qp,k
) 1
q
.
Hence we deduce that
‖Cϕ‖ ≤ cq,β
∫ 1
0
t
β−(2γ+d)(1− 1
p
)
ϕ(t)dt,
where cq,β = 2
(1− 2
q
)
(1 + 1
q
)(1 + 2β).
Conversely, assume that the generalized Cesa`ro operator Cϕ is bounded,
then for f ∈ Hβ,kp,q ,
( +∞∑
j=−∞
2jβq‖(Cϕf)χj‖qp,k
) 1
q ≤ ‖Cϕ‖
( +∞∑
j=−∞
2jβq‖fχj‖qp,k
) 1
q
. (4.4)
For any ε ∈ (0, 1), we set
fε(x) =


‖x‖−(β+ε+ 2γ+dp ) if ‖x‖ > 1
0 otherwise,
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then for j = 0,−1,−2, · · · , ‖fεχj‖p,k = 0, and for j ∈ N\{0}, it follows
from (2.1) and (2.2) that
‖fεχj‖pp,k =
∫
2j−1≤‖x‖≤2j
‖x‖−(β+ε+ 2γ+dp )pωk(x)dx
=
∫
Sd−1
wk(y)dσ(y)
∫ 2j
2j−1
r−(β+ε)p−1dr
= Cε 2
−j(β+ε)p.
where Cε =
2(β+ε)p − 1
(β + ε)p
∫
Sd−1
wk(y)dσ(y) =
2(β+ε)p − 1
(β + ε)p
dk.
Hence, it yields
( +∞∑
j=−∞
2jβq‖fεχj‖qp,k
) 1
q
=
( +∞∑
j=1
2jβq‖fεχj‖qp,k
) 1
q
= C
1
p
ε
( +∞∑
j=1
2−jεq
) 1
q
= C
1
p
ε
2−qε
(1− 2−qε) 1q
, (4.5)
thus fε ∈ Hβ,kp,q . Now, it’s easy to see that
Cϕfε(x) =
∫ ‖x‖
0
‖x
t
‖−(β+ε+ 2γ+dp )t−(2γ+d)ϕ(t)dt
= ‖x‖−(β+ε+ 2γ+dp )
∫ ‖x‖
0
t
β+ε−(2γ+d)(1− 1
p
)
ϕ(t)dt.
Recalling that ψ(t) = t
−(2γ+d)(1− 1
p
)
ϕ(t), t ∈ (0, 1), we get
+∞∑
j=−∞
2jβq‖(Cϕfε)χj‖qp,k
=
+∞∑
j=−∞
2jβq
[ ∫
Aj
(
‖x‖−(β+ε+ 2γ+dp )
∫ ‖x‖
0
tβ+εψ(t)dt
)p
wk(x)dx
] q
p
≥
+∞∑
j=−∞
2jβq
[ ∫
‖x‖>1
χj(x)‖x‖−(β+ε+
2γ+d
p
)p
(∫ ‖x‖
0
tβ+εψ(t)dt
)p
wk(x)dx
] q
p
≥
(∫ 1
0
tβ+εψ(t)dt
)q +∞∑
j=1
2jβq
(∫
Aj
‖x‖−(β+ε+ 2γ+dp )pwk(x)dx
) q
p
.
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It follows from (4.5) that
( +∞∑
j=−∞
2jβq‖(Cϕfε)χj‖qp,k
) 1
q ≥ C
1
p
ε
2−ε
(1− 2−qε) 1q
( ∫ 1
0
tβ+εψ(t)dt
)
,
thus combining this inequality with (4.4) and (4.5), we can assert that
‖Cϕ‖ ≥
∫ 1
0
t
β+ε−(2γ+d)(1− 1
p
)
ϕ(t)dt,
which implies when ε→ 0
‖Cϕ‖ ≥
∫ 1
0
t
β−(2γ+d)(1− 1
p
)
ϕ(t)dt.
This completes the proof of the theorem. 
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